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Abstract
ˇCech cohomology fibrations in the sense of Ferry–McDuff–Segal are redefined for arbitrary proper
maps. The main result of this paper is that R-cohomology fibrations resemble locally trivial bundles
if the cohomology of the fibers is finitely generated.
Theorem. Suppose f :X → Y is a proper map and {Mk}k0 is a sequence of finitely generated
R-modules such that the following conditions are satisfied:
(a) Mk is a submodule of Hk(X;R),
(b) each inclusion induced homomorphism Hk(X;R) → Hk(f−1(y);R), y ∈ Y , sends Mk
isomorphically onto Hk(f−1(y);R).
Then:
(i) Given a point y in Y and m  0, there is a neighborhood U of y in Y such that for all
compact subsets A of U , y ∈ A, there is an isomorphism φA :Hm(f−1(A);R)→ Hm(A×
f−1(y);R). Moreover, if y ∈B ⊂A⊂U , then the diagram
Hm(f−1(A);R) φA Hm(A× f−1(y);R)
Hm(f−1(B);R) φB Hm(B × f−1(y);R)
(1)
is commutative.
(ii) If A ⊂ U , y ∈ A, is pathwise connected and compact, then Hm(f−1(A);R) ∼ Hm(A ×
f−1(z);R) for any z ∈A.
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1. Introduction
The setting throughout this section is a proper map f :X→ Y between metric spaces.
Recall that f :X→ Y is proper if f−1(K) is compact for each compact subset K of Y .
The current focus is to set forth background material necessary for describing the Leray–
Grothendieck spectral sequence of a map in a reasonably coherent fashion. Additional
details can be extracted from several sources including [4,10,1]. Generally, we shall use
Hq to denote ˇCech cohomology, at times, taking coefficients in a sheaf. Whenever the
coefficient group is suppressed, it is equal to the integers.
Associated with a map f :X→ Y is a family of presheaves Hq [f ;R], q = 1,2, . . . .
The value of the presheafHq[f ;R] on an open subset U ⊂ Y is the groupHq(f−1(U);R)
and, for each inclusion i :V → U of open sets, the homomorphism rUV :Hq[f ;R](U)→
Hq[f ;R](V ) is the induced homomorphism i∗ :Hq(f−1(U);R)→Hq(f−1(V );R). For
maps f that are proper the stalks of the associated sheaf, which is denoted by Hq [f ;R],
are the groups Hq(f−1(x);R).
Theorem 1.1 (Leray–Grothendieck). For a map f :X → Y there is a first quadrant
spectral sequence Er(f ), r  2, such that:
(1) Ep,q2 =Hp(Y ;Hq[f ;R]),
(2) Ep,q∞ is associated to a filtration of Hp+q(X;R),
(3) the edge homomorphism is f ∗ :Hp(Y ;R)∼Ep,02 →Ep,0∞ →Hp(X;R).
Remarks.
(a) Ep,qr+1 = ker(dr)/im(dr), where the differential dr :Ep,qr → Ep+r,q−r+1r has bide-
gree (r,1− r).
(b) Ep,qr =Ep,qr+1 = · · · =Ep,q∞ for r  p+ q + 1.
(c) The filtration is 0 ⊂ J0 ⊂ J1 ⊂ · · · ⊂ Jp = Hp(X;R), where J0 = Ep,0∞ and
Ji/Ji−1 =Ep−i,i∞ , i = 1,2, . . . .
The notion of a homology fibration was defined by McDuff in [6] and then redefined in
a stronger way by McDuff and Segal in [7]. That definition was restated by Ferry in [5]
using ˇCech cohomology to allow for the possibility of non-ANR fibers.
Definition 1.2. A map p :X → B from a finite-dimensional metric space to a finite
polyhedron is a ˇCech cohomology fibration if each b ∈ B has arbitrarily small contractible
closed neighborhoodsN such that the inclusion p−1(b′)→ p−1(N) is a ˇCech cohomology
equivalence for each b′ ∈N .
The definition below generalizes the notion of cohomology fibrations to arbitrary maps.
Definition 1.3. A map f :X→ Y is called an R-cohomology fibration (R is a commuta-
tive ring) if each point y in Y has a neighborhood U such that for some R-submodule
M of H ∗(f−1(U);R) each inclusion induced homomorphism H ∗(f−1(U);R) →
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H ∗(f−1(y ′);R), y ′ ∈ U , sends M isomorphically onto H ∗(f−1(y ′);R). Equivalently,
the sheaf H∗[f ;R] is locally constant.
As a corollary to Theorem 2.5 of [2] one derives the following:
Theorem 1.4. If all H ∗(f−1(y);R), y ∈ Y are mutually isomorphic and finitely
generated (as R-modules), then there exist closed subsets Y1, . . . , Yn, . . . of Y such that
each f |f−1(Yn) :f−1(Yn)→ Yn is an R-cohomology fibration and Y =⋃∞i=1 Yn.
Ferry in [5] provided examples of Hurewicz fibrations p :E→ I such that:
(i) p :E→ I is not a locally trivial bundle,
(ii) p−1(t) is an open n-manifold for each t ,
(iii) p ◦ proj :E ×R1 → I is a locally trivial bundle.
The main result of this paper is to show that R-cohomology fibrations resemble locally
trivial bundles if the cohomology of the fibers is finitely generated.
Theorem 1.5. Suppose f :X→ Y is a proper map and {Mk}k0 is a sequence of finitely
generated R-modules such that the following conditions are satisfied:
(a) Mk is a submodule of Hk(X;R),
(b) each inclusion induced homomorphism Hk(X;R)→Hk(f−1(y);R), y ∈ Y , sends
Mk isomorphically onto Hk(f−1(y);R).
Then:
(i) Given a point y in Y andm 0, there is a neighborhoodU of y in Y such that for all
compact subsets A of U , y ∈ A, there is an isomorphism φA :Hm(f−1(A);R)→
Hm(A× f−1(y);R). Moreover, if y ∈ B ⊂A⊂U , then the diagram
Hm(f−1(A);R) φA Hm(A× f−1(y);R)
Hm(f−1(B);R) φB Hm(B × f−1(y);R)
(D)
is commutative.
(ii) If A ⊂ U,y ∈ A, is pathwise connected and compact, then Hm(f−1(A);R) ∼
Hm(A× f−1(z);R) for any z ∈A.
2. Proof of the main result
One of the basic concepts of pro-category theory is the notion of stability of an inverse
system (see [8, p. 160]). We will need a special case of it for a finite sequence of groups.
Definition 2.1. A finite direct sequence Gm → Gm+1 → ·· · → Gn (n > m) of groups
is called elementary stable if for each n − 2  i  m the homomorphism im(Gi →
Gi+1)→ im(Gi+1 →Gi+2) induced by Gi+1 →Gi+2 is an isomorphism. In particular,
im(Gi →Gi+1)→ im(Gj →Gj+1) is an isomorphism for all i < j .
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Lemma 2.2. Let
E10
d120
E20
d230
E30
E11
d121
E21
d231
E31
· · · · · · · · ·
E14
d124
E24
d234
E34
(D)
be a commutative diagram of R-modules.
(A) If each vertical sequence is elementary stable and im(d12i ) ⊂ ker(d23i ) for
i  4, then the sequence F1 → F2 → F3 is elementary stable, where Fi =
ker(d23i )/im(d
12
i ) for 1 4.
(B) If each horizontal sequence is a short exact sequence ( i.e., d12i is a monomorphism,
d23i is an epimorphism, and im(d
12
i )= ker(d23i ) for each 0 i  4) and both E10 →
E11 → ·· ·→E14 and E30 → ·· ·→E34 are elementary stable, then E20 →E22 →E24
is elementary stable.
Proof. (A) We need to show that im(F1 → F2) maps isomorphically onto im(F2 → F3).
Suppose a represents an element [a] of F2. Take b ∈E20 , b = a in E23 . d230 (b) goes to 0 in
E33 which implies that d
23
0 (b) goes to 0 in E
3
1 . Therefore the image of b in E
2
1 represents
an element of F1 which is mapped to the image [a] in F3. Thus, im(F1 → F2) maps onto
im(F2 → F3).
Suppose α ∈ F1 goes to 0 in F3. Take a representative a of α in E21 . Then the image of
a in E23 belongs to im(d
12
3 ). Take b ∈E13 which maps to a in E23 . Now choose c ∈E10 with
b= c in E14 . Since d120 (c)= a in E24 , we have d120 (c)= a in E22 . Thus α goes to 0 in F2.
(B) Suppose a ∈ E20 goes to 0 in E24 . Then d230 (a) goes to 0 in E34 which implies that
d230 (a) goes to 0 in E
3
1 . Choose b ∈E11 whose image in E21 coincides with the image of a.
Then b goes to 0 in E14 , so b goes to 0 in E
1
2 . Thus a goes to 0 in E
2
2 .
Let x ∈E22 . Choose y ∈E20 which goes to the same element of E33 as x does. Then there
is z ∈ E13 which goes to x − y in E23 . Let t ∈ E10 be an element of which goes to z in E14 .
Then y + d120 (t) goes to the same element of E24 as x does. ✷
Lemma 2.3. A finite sequence of groups G0 → ·· ·→Gm, m 3, is elementary stable if
and only if there is a group F and homomorphisms fi :Gi → F for i < m, gj :F →Gj
for j > 0 such that the following conditions are satisfied:
(1) f0 :G0 → F is an epimorphism and gm :F →Gm is a monomorphism,
(2) gi+1 ◦ fi equals Gi →Gi+1 for i < m,
(3) fi ◦ gi = idF for 0 < i <m.
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Proof. Suppose G0 → ·· · → Gm is elementary stable. Pick a group F so that F is
isomorphic to im(Gi → Gi+1) for i < m. Choose an isomorphism hi :F → im(Gi →
Gi+1) for each i < m. gj :F → Gj is defined for j > 0 as the composition of hj−1 and
the inclusion im(Gj−1 →Gj)→Gj . fi :Gi → F is defined for i < m as the composition
of Gi →Gi+1 and h−1i . It is easy to check that conditions (1)–(3) are satisfied.
Suppose there is a group F and homomorphisms fi :Gi → F to i < m, gj :F →Gj
for j > 0 such that conditions (1)–(3) are satisfied. It is easy to verify that im(Gi →Gi+1)
is isomorphic to F for each i < m, and the natural homomorphism im(Gi → Gi+1)→
im(Gi+1 →Gi+2) is an isomorphism. ✷
Corollary 2.4. Suppose G0 → ·· ·→Gm, m 4, is a finite sequence of Abelian groups
and G is an Abelian group. If G0 → ·· · → Gm is elementary stable, then G0 ⊗ G→
·· ·→Gm−1 ⊗G is elementary stable and G1 ∗G→·· ·→Gm ∗G is elementary stable.
Proof. There is a group F and homomorphisms fi :Gi → F for i < m, gj :F →Gj for
j > 0 such that the following conditions are satisfied:
(1) f0 :G0 → F is an epimorphism and gm :F →Gm is a monomorphism,
(2) gi+1 ◦ fi equals Gi →Gi+1 for i < m,
(3) fi ◦ gi = idF for 0 < i < m.
Consider homomorphisms f ′i = fi ⊗ idG :Gi ⊗G→ F ⊗G for i < m, g′j = gj :F ⊗
G→Gj ⊗G for j > 0. Clearly, the following conditions hold:
(2′) g′i+1 ◦ f ′i equals Gi ⊗G→Gi+1 ⊗G for i < m,
(3′) f ′i ◦ g′i = idF⊗G for 0 < i <m.
In particular, (3′) (i = m− 1) implies that g′m−1 is a monomorphism. By Corollary 9
on [9, p. 224], an exact sequence 0 → H → G0 → F → 0 induces an exact sequence
0→H ∗G→G0 ∗G→ F ∗G→H ⊗G→G0 ⊗G→ 0. In particular,
(1′) f ′0 :G0 ⊗ G→ F ⊗ G is an epimorphism and g′m−1 :F ⊗ G→ Gm−1 ⊗ G is a
monomorphism.
The proof that G1 ∗ G→ ·· · → Gm ∗ G is elementary stable is quite similar to the
above. ✷
Corollary 2.5. Suppose G0 → ·· ·→G2m, m 5, is a finite sequence of Abelian groups
and A is a compact space. If G0 → ·· · → G2m is elementary stable and and k  1,
then Hk(A;G2)→Hk(A;G4)→·· ·→Hk(A;G2m−4)→Hk(A;G2m−2) is elementary
stable.
Proof. If A is compact and G is Abelian, then the Universal Coefficient Theorem for ˇCech
cohomology says that there is a natural exact sequence 0→Hk(A)⊗G→Hk(A;G)→
Hk+1(A) ∗G→ 0. Use Corollary 2.4 and Lemma 2.2. ✷
Proof of the main result. Expand f−1(y) as an inverse limit of an inverse sequence
· · ·→Ni → ·· ·→N1 of compact polyhedra. Since the cohomology of f−1(y) is finitely
generated, we may assume that for each k m,p the sequence Hk(N1)→ ·· ·→Hk(Np)
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is elementary stable (more precisely, im(Hk(Ni)→Hk(Ni+1)) is mapped isomorphically
onto Hk(f−1(y)) by the homomorphism Hk(Ni+1)→Hk(f−1(y)) for each (i). Choose
p mm · 3 and extend the map f−1(y)→Np onto f−1(U) for some neighborhood U of
y . Denote the map f−1(A)→Np by g. Then we have the map f−1(A)→A×Np(z→
(f (z), g(z)) for z ∈ f−1(A)) which induces a homomorphism of the spectral sequences
of f−1(A)→ A and A×Np → A. Consider the sequence f−1(A)→ f−1(A)→ ·· ·→
f−1(A)→ A× Np → ·· · → A× N1 where the identity f−1(A)→ f−1(A) is repeated
(2m + 1)-times. The induced sequence of Ei,j2 terms, j  m, is elementary stable (it
is simply Hi(A;Hj(f−1(y);R))← Hi(A;Hj(f−1(y);R))← Hi(A;Hj(Np;R))←
·· · ← Hi(A;Hj(N1);R))). Applying Lemma 2.2 (part A) m-times we infer that the
sequence of Ei,jm+2 terms of f−1(A)→ f−1(A)→ ·· · → f−1(A)→ A× Np → ·· · →
A×Nm is elementary stable. Apply the same argument to A× f−1(y)→A× f−1(y)→
·· ·→ A× f−1(y)→ A× Np → ·· ·→ A×N1 to get that the sequence of Ei,jm+2 terms
of A × f−1(y)→ A × f−1(y)→ ·· · → A × f−1(y)→ A × Np → ·· · → A × Nm is
elementary stable. Now use the filtration of the Leray–Grothendieck spectral sequence and
part B of Lemma 2.2 to produce (independently of A) two indices r and s such that both
sequences Hm(f−1(A);R)← Hm(f−1(A);R)← Hm(A× Nr ;R)← Hm(A× Ns;R)
andHm(A×f−1(y);R)←Hm(A×f−1x(y);R)←Hm(A×Nr ;R)←Hm(A×Ns;R)
are elementary stable. Thus bothHm(f−1(A);R) andHm(A×f−1(y);R) are isomorphic
to im(Hm(A×Nr ;R)←Hm(A×Ns;R)). This completes the proof of (i).
If L is an arc in U, y ∈ L, then im(Hm(L × Nr ;R) ← Hm(L × Ns;R)) is
isomorphic to im(Hm(Nr ;R) ← Hm(Ns;R)) = Hm(f−1(y);R). Thus the inclusion
f−1(y) → f−1(L) induces an isomorphism of Hm(f−1(L);R) and Hm(f−1(y);R).
Consequently, the image of Mm in Hm(f−1(L);R) is equal to Hm(f−1(L);R) and must
be projected isomorphically onto Hm(f−1(z);R) for any z ∈ L. So, if A contains L, then
Hm(f−1(A);R)∼Hm(A× f−1(y);R)∼Hm(A× f−1(L);R)∼Hm(A× f−1(z);R)
which proves (ii). ✷
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